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local coefficients 
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Abstract 

We extend Donaldson's diagonalization theorem to intersection forms 
with certain local coefficients, under some constraints. This provides 
new examples of non-smoothable topological 4-manifolds. 

1 Introduction 

A celebrated early theorem of Donaldson [U H] says that if the intersec- 
tion form of a closed, oriented smooth 4-manifold V is negative definite, 
then it is standard, i.e. there is a basis for Z) /torsion with respect 

to which the form is diagonal. The proof involved a careful study of a cer- 
tain SU(2)-instanton moduli space over V. Later, Fintushel and Stern [7j 
found a simpler proof using SO(3)-instanton moduli spaces in the case when 
Hi{V;7j) contains no 2-torsion. (The assumption on the torsion can be re- 
moved by using results from [5, see [l2].) In either variant of the proof an 
essential point is the link between the intersection form of V and Abelian 
reducibles in the moduli spaces, which are represented by connections with 
stabilizer U(l). In SO(3)-moduli spaces there is also a second type of re- 
ducible, namely the twisted reducibles, which are represented by connections 
with stabilizer Z/2 (among all automorphisms of the S0(3)-bundle). In 
this paper we will show that these are related to the intersection forms of V 
with certain local coefficients. We use this to partially extend Donaldson's 
theorem to such forms. We will now explain our result in more detail. 

We generalize the setup somewhat and consider a compact, connected, 
oriented, smooth 4-manifold X with boundary Y. Let i X he any bundle 
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of infinite cyclic groups. Recall that the set of isomorphism classes of such 
bundles form an Abelian group isomorphic to H^{X\'L/2). Let H*{X;t) be 
the singular cohomology with l as bundle of coefficients. Since I ® i = "L, 
the cup product defines a homomorphism 

H'^{X; I) (g) H'^{X, Y; i) H'^{X, Y; Z) = Z. (1) 

Now suppose Y is an integral homology sphere. Then H^{X, Y; i) = H'^{X; i), 
and ([1]) induces a unimodular quadratic form Qx,e on //^(X; £) /torsion, 
which we refer to as the intersection form of X with coefficients in i. When 
I is trivial this is of course the usual intersection form of X. The signature 
of Qx,e is independent of i. As observed in [HI p. 587], the same holds for 
the quantity 

bo{X;£)-bi{X;e) + b+{X;e), 

where bj{X;i) := rank H^{X;i) and 6^(X;^) denotes the dimension of a 
maximal positive subspace for Qx/- For any non-trivial i one therefore has 

-bi{X;i)+b+{X;e) = l-bi{X)+b+{X), (2) 

where bj{X) := bj{X;Z) and b+{X) := b+{X;Z). 

For any Abelian group G let HF*(y; G) denote the instanton Floer coho- 
mology group with coefficients in G, see [8l[5]. This is the cohomology of a 
cochain complex CF* (g G, where CF'' is the free Abelian group generated by 
gauge equivalence classes of irreducible (perturbed) flat SO(3)-connections 
over Y of index q G Z/8, and the differential d : CF'^ CF'^"''^ counts instan- 
tons over the cylinder M x y interpolating between two given irreducible flat 
connections. Counting SO(3)-instantons over M x y with trivial flat limit 
at +00 yields a homomorphism 5 : CF^ — )• Z which satisfies 6d = (see |l2j) 
and therefore induces a homomorphism 

6o : HF^(y;G) ^ G. 

Before stating the main result of this paper we need one more definition: 

t{X) := dim2;/2 [torsion (i?i(X; Z)) O Z/2] 
= bi{X-Z/2)-bi{X), 

where bj{X;Z/2) := dim^/a Fj(X; Z/2). 

Theorem 1.1 Let X be any compact, connected, oriented, smooth A-manif old 
whose boundary Y is an integral homology sphere, and such that 

T{X) + b+{X) <2. (3) 
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Let i ^ X be any non-trivial bundle of infinite cyclic groups. If Qx,e is 
non-standard negative definite and H'^{X;i) contains no element of order 4 
then 

60 : HF^{Y;Z/2) ^ Z/2 

is non-zero. 

Corollary 1.1 LetV be any closed, connected, oriented, smooth A-manif old 
such that 

T(y) + < 2. 

Let i ^ V be any non-trivial bundle of infinite cyclic groups such that Qv,e 
is negative definite and H'^(y;£) contains no element of order 4. Then Qv/ 
is standard. 

Proof. This follows from the theorem by taking X to be the complement 
of an open 4-ball in V, and recalhng that HF*(53; Z/2) = 0. □ 

Remarks, (i) Under the hypotheses of the corollary, V cannot be spin. 
For in that case the usual intersection form Qy would be even with nega- 
tive signature, so Qy could not be definite by Donaldson's theorem. The 
condition b'^{V) < 2 would then violate a theorem of Furuta |14j . 

(ii) If bi{X) = 1 and t(X) = then H'^{X;£) does not even have any 
element of order 2, see Proposition 12.11 

(iii) The author does not know whether the theorem holds without 
the assumptions on t(X) + b~^{X) and (in general) elements of order 4 in 
H'^{X;£), despite attempts at finding counterexamples. 

(iv) The statement of the theorem holds when i is trivial too, and with- 
out the assumption t{X) < 2. However, we prefer to take that up in a 
separate paper. 

(v) One reason for the appearance of the term r -|- 6+ in the theorem is 
that this quantity is invariant under surgery on any circle in the interior of 
X which represents a non-zero class in Hi{X; Z/2), see Lemma |8. 11 

Proposition 1.1 LetV be any closed, oriented topological A-manif old whose 
intersection form Qy is non-standard negative definite. Suppose Hi{V;'Z) 
contains no element of order 4. Let either 

(i) W = T,x S'^, where S is any closed, oriented, connected surface of genus 

at least 1, or 

(ii) W = Y X , where Y is any closed, oriented 3-manifold. 
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//r(y) + t{W) + b'^(W) < 2, then Vj^W does not admit any smooth struc- 
ture. 

Of course, if = S x 5"^ then t{W) = and 6+(VF) = 1, whereas if 
W = Y -aS^ then t{W) = t{Y) and b+{W) = bi{Y). 

Proof, (i) We may assume that V is connected and that Qy is negative 
definite. Let I ^ W := x S"^ he any non-trivial bundle of infinite cyclic 
groups. The exact sequence (j4]) below yields 

torsion(Fi(PF;£)) = Z/2, H2{W;l) = Z/2. 

Let I' V := V^W be the bundle which corresponds to the trivial bundle 
over V and to £ over W. Then the group 

Hi{V';£') = Hi{V;Z)(BHiiW;e) 

contains no element of order 4. By the universal coefficient theorem (see ([6]) 
below) the same holds for {¥';£'). As for the intersection forms one has 

Qv'/' = Qvi 

so it follows from Corollarv 11.11 that V cannot admit any smooth structure. 

(ii) Let ^ 1^ := y X S"! be the pull-back of the non-trivial Z-bundle 
over S^. Using the exact sequence below one finds that Hk{W;i) is a 
finite group for all A;, and that 

Hi{W-l) = Hi{Y-Z)/2Hi{Y-Z) « {Z/2Y 

for some r. We can now argue as in (i). □ 

When combined with Freedman's classification of simply-connected, closed, 
oriented topological 4-manifolds [lOj this yields many examples of non- 
smoothable indefinite 4-manifolds, also with odd intersection form. In 
the case of even intersection form such examples can also be found using 
Rochlin's theorem or Puruta's theorem. 

Note that if V is simply connected and negative definite, say, then 
y#CP^ is smoothable, since by Freedman's theorem and the classification 
of odd indefinite forms it is homeomorphic to CP^7^(— nCP^) for some n. 

In a slightly different direction, Friedl-Hambleton-Melvin-Teichner [11] 
have proved that a certain negative definite closed, oriented topological 4- 
manifold V with TTiiy) = % and &2(^) = 4 is not smoothable by applying 



4 



Donaldson's diagonalization theorem to the finite coverings of V. (A survey 
of related material can be found in |15j.) 

After some preliminaries in Section [2] on (co)homology with local coeffi- 
cients, Section [3] introduces what is probably the main novelty in the paper 
as far as gauge theory is concerned: Given any S0(3)-bundle E ^ Z, where 
Z is a smooth, compact manifold, and any loop 7 : 5^ — > Z, we define a 
double covering U^, where is a certain open subset of the orbit 

space B{E) of all connections in E (of a given Sobolev type). The subset U-y 
contains all irreducible connections as well as some reducibles including all 
Abelian ones. In Section [5] we classify non-flat twisted reducible instantons 
over certain 4-manifolds W with a tubular end. The local structure around 
these reducibles is described in Section [Sj whereas Abelian reducibles are 
discussed in Section [6l Section [7] proves three lemmas on Banach manifolds. 
Section [8] contains the proof of the theorem. This begins by reducing the 
problem to the case bi{X) = l + b'^{X) by doing surgery on a suitable collec- 
tion of disjoint circles in X. We then study the moduli space of instan- 
tons with trivial limit in a certain S0(3)-bundle over W := X Uy (M+ x Y). 
The irreducible part is cut down to a 1-manifold using sections of the 
real line bundles corresponding to suitable double coverings S^. The ends of 
this l~manifold are associated to twisted reducibles in and factorizations 
over the end of W . Of course, the number of ends must be zero modulo 2. 

The advantage of reducing to the case 61 = 1+6+ is that then, generically, 
all non-flat twisted reducibles in the moduli spaces are isolated. Working 
directly with the original manifold X would require dealing with positive- 
dimensional families of twisted reducibles. This technically more difficult 
situation has been studied by Teleman |24j . However, it is not clear to this 
author whether one can expect stronger results with such a direct approach. 

After this paper was submitted the preprint [20j appeared, which ad- 
dresses similar issues for closed 4-manifolds, using Seiberg-Witten theory. 

Acknowledgement: The author is grateful to the anonymous referee 
for the careful reading of the manuscript and many suggestions. He would 
also like to thank Ian Hambleton and Bj0rn Jahren for helpful correspon- 
dence. 

2 Homology and cohomology with local coefficients 

This section contains mostly background material. 

(I) This part is concerned with singular (co)homology with local coef- 
ficients. Let X be any space. For any bundle E ^ X oi discrete Abelian 
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groups we denote by C*(X; E) the singular chain complex of X with values 
in E, as defined in |16) . A short exact sequence 

O^E' ^ E ^ E" -^0 

of morphisms of such bundles induces a short exact sequence of chain com- 
plexes 

^ C^X; E') ^ C7,(X; E) ^ C7,(X; E") 

which in turn yields a long exact sequence relating the corresponding ho- 
mology groups H^{X] ). Similar statements hold for the singular cochain 
complexes and cohomology groups H*{X; •). 

Now let p : X ^ X he any double covering and £ ^ X the associated 
bundle of infinite cyclic groups. Consider the Z^-bundle 

E ■.= X X Z'^ 

Z/2 

over X, where 1 G Z/2 acts on X by hipping the sheets of the covering and 
on by permuting the factors. Then 

H4X-E(S)G) = H^{X;G) 

for any Abelian group G, and similarly for cohomology. There is a canonical 
short exact sequence of bundles 

0^£-^ E 

which induces a long exact sequence 

• • • ^ Hk{X; i) ^ Hk{X; Z) ^ Hk{X; Z) ^ Hk-i{X; £) ^ ■ ■ ■ . (4) 

We will use the notation A (resp. A) for £(8)M thought of as a real line bundle 
(resp. a bundle with discrete fibres) over X. By the universal coefficients 
theorem (see [22 , p. 283]) one has 

H*{X;i)(S)R = H*{X;X) 

in each degree in which H^{X]I!.) is finitely generated. There is a canonical 
isomorphism of bundles M A ^ ii' (8) M, which induces an isomorphism 

H*{X;R) = H*{X;R) ® H*{X;X). 

The two summands correspond to the ±1 eigenspaces of the endomorphism 
of H*{X;M) induced by the involution of X (i.e. the action of 1 G Z/2). If 
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X is a smooth manifold then H*{X;X) can be computed as the de Rham 
cohomology associated to the flat bundle A (see [1]). When working with 
de Rham cohomology it is natural to write bj{X; A) instead of bj{X;£), and 
similarly for b~^. 

There is also a relationship with mod 2 (co)homology, for arbitrary X: 
The short exact sequence 

of bundles gives rise to a long exact sequence 

• • • ^ Hg{X; 1) 4 Hq{X- £) ^ Hg{X; Z/2) ^ i) ^ ■ ■ ■ (5) 

as well as a similar sequence for cohomology. Furthermore, because i* = i 
the universal coefficient theorem yields a split short exact sequence 

^ Ext(F5_i(X;£),Z) ^H'^{X-£) ^ Rom{Hg{X;£),Z) ^0. (6) 

Proposition 2.1 Let X be any compact manifold (with or without bound- 
ary) such that Hi{X;'L/2) = Z/2. Let i ^ X be any non-trivial bundle of 
infinite cyclic groups. Then Hi{X;£) is a finite group of odd order, hence 
by 1^ the group H'^{X;£) contains no 2-torsion. 

Proof. Because X is a manifold and £ is non-trivial, H(){X;£) = Z/2. 
Thus ([5]) yields an exact sequence 

Hi{X-l) 4 Hi{X;£) 0. 

Since X is a compact manifold, £) is finitely generated, hence Hi{X; £) 

must be a finite group on which multiplication by 2 is an isomorphism. □ 

We will now state a version of Poincare duality for local coefficients. Let 
X be a closed topological n-manifold and Ox X the orientation bundle, 
whose fibre over x G X is 

= i7„(X,X\{x};Z). 

Let [X] G Hn{X;Ox) be the fundamental class, which is the unique class 
whose image in 

Hn{X,X\{x}-Ox) = Hn{X,X\{x};0,) = 0^®0^ = 'L 

is 1 for every x G X. Let i? be a commutative ring with identity. 
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Proposition 2.2 For any closed topological n-manifold X and any bundle 
E ^ X of R-modules, cap product with [X] defines an isomorphism 

HP{X-E)^Hn-p{X-E®Ox) 

for every p. 

Proof. The proof in [16] for i?-oriented X and E = R carries over with 
virtually no changes. □ 

Other duality theorems for (co) homology with local coefficients can be 
found in [23]. 

Now suppose X is a closed oriented topological n-manifold and A — t- X 
a bundle of infinite cyclic groups. Then it follows from Proposition 12.21 
and the universal coefficient theorem ([6]) (recalling that H^{X]t) is finitely 
generated) that the intersection form Qx,i is unimodular. The same holds if 
X has an integral homology sphere as boundary, as one can see by applying 
the previous result to the double of X and noting that the intersection form 
of the double is the orthogonal sum of the intersection forms of the two 
pieces. 

(II) In this part we use Cech cohomology. Recall that for any para- 
compact space X the first Chern class induces an isomorphism between the 
group of isomorphism classes of complex line bundles over X and the co- 
homology group H'^{X;Z,). We will now give a similar interpretation of 
H'^{X;i). Let X,X be as in (I) and set 

K := X x^/2C = Re X, 

where 1 € Z/2 acts on X by flipping the sheets and on C by complex conju- 
gation. Here C has the Euclidean topology, so that is a real vector bundle 
over X. Since conjugation is a field automorphism, is a bundle of fields 
isomorphic to C. Let K* C K he the subspace of non-zero vectors thought 
of as a bundle of multiplicative groups, and let /C and /C* denote the sheaves 
of continuous sections of K and K*, resp. By a K~line bundle we mean 
a bundle L ^ X such that each fibre Lx is a 1-dimensional vector space 
over Kx, and such that these data satisfy the usual axiom of local triviality. 
A local trivialization of L over an open subset [/ C X is an isomorphism 
L\ij K\ij of i^|[/-modules. An atlas of such local trivializations gives 
rise to a Cech cocycle with values in /C*. Standard arguments show that 
L is classified up to isomorphism by the corresponding cohomology class 
ci(L) G H^{X;IC*). If X is paracompact then the short exact sequence of 
sheaves 

o^e^ic"-^ IC* ^1 (7) 
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yields an isomorphism H^{X;}C*) H'^{X;£), and we obtain: 

Proposition 2.3 For any paracompact space X the characteristic class ci 
induces an isomorphism between the group of isomorphism classes of K -line 
bundles and the cohomology group H'^{X;i). □ 

Note that A^L = A, so for the first Stiefel- Whitney class one has 

wi{L) = wi(A). 

Furthermore, ci(L) maps to W2{L) under the homomorphism H'^[X;i) 
H'^{X;Z/2). 

By a Hermitian i^-line bundle we mean a K-line bundle equipped with 
a Euclidean metric such that multiplication with any unit vector in Kx is 
an orthogonal transformation of L^, for any x €z X. 

We now turn to the smooth category. The proof of the following propo- 
sition is similar to that of Proposition 12.31 

Proposition 2.4 For any smooth manifold X the characteristic class c\ 
induces an isomorphism between the group of isomorphism classes of smooth 
Hermitian K-line bundles and the cohomology group H^{X;£). □ 

Let L ^ X he a smooth Hermitian K-line bundle. If A is any (orthog- 
onal) connection in L then its curvature Fa is a 2-form on X with values 
in the bundle so(L) of skew-symmetric endomorphisms of L. Under the iso- 
morphism A ^ so(L) (defined by multiplication with elements from A) the 
closed form Fa € J7^(X;A) represents the image of —2ttci{L) in H'^{X;X). 
(One can deduce this last statement from the known case when i is trivial 
by pulling A back to X and noting that H'^{X;X) H'^{X;R) is injective.) 

3 SO(3)— connections and holonomy 

Let Z be a connected smooth n-manifold, possibly with boundary, and 
E ^ Z an oriented, Euclidean 3-plane bundle. Fix p > n and let A be 
an (orthogonal) connection in E. Let F^ denote the group of 

automorphisms of E which preserve A. Just as for smooth connections, Ta is 
isomorphic to the centralizer of the holonomy group Hol2(A) C Aut{Ez) ~ 
S0(3) at any point z G Z. Recall that any positive-dimensional proper 
closed subgroup of S0(3) is conjugate to either U(l) or 0(2), and these 
subgroups have centralizer U(l) and Z/2, resp. We will call the connection 
A 
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irreducible if = {1}, otherwise reducible, 



• Abelian if Ta ~ U(l), 

• twisted reducible if Ta ~ Z/2. 

Now suppose A is smooth. Then A is reducible if and only if it preserves 
a rank 1 subbundle X C E. If in addition A is not flat then A is unique 
(because a non-flat connection A has holonomy close to but different from 
1 around suitable small loops in Z). In that case A is Abelian if A is trivial 
and twisted reducible otherwise. 

Now suppose Z is compact. Let A denote the affine Banach space con- 
sisting of all Lj* connections in E and let Q be the Banach Lie group of all 
L2 automorphisms of E. Then Q acts smoothly on A and we denote the 
quotient space hy B = B{E). It follows easily from the local slice theorem 
(see [6l p. 132 and p. 192] and [13', Section 2.5]) that is a regular topologi- 
cal space. Since B is also second countable, it is metrizable by the Urysohn 
metrization theorem [17]. Hence B is paracompact, and the same holds for 
any subspace of B. 

Let A* C Ahe the subset of irreducible connections. Then B* := A* /Q is 
a Banach manifold. In the proof of the theorem we will take p to be an even 
integer, to make sure that B* possesses smooth partitions of unity. (In [19] 
the existence of smooth partitions of unity is established for paracompact 
Hilbert manifolds. The proof carries over to paracompact Banach manifolds 
B modelled on a Banach space {E, || • ||) such that || • ||* is a smooth function 
on E for some t > 0. This includes B = B* when p is an even integer, with 
t = p.) 

Recall that the Lie group Aut{Ez) ~ S0(3) has a non-trivial double 
covering 

A^t{E,) ^ Ant{E,), (8) 

where Aut{Ez) is isomorphic to the group Sp(l) of unit quaternions. Let G 
act on Aut{Ez) by conjugation with u{z) and on Aut(£'z) by conjugation 
with any lift of u{z) to Aut{Ez)- Then the covering map ([8]) is Cy-equivariant. 
It follows from the local slice theorem that A* — ?> is a principal ty-bundle, 
hence 

A* xg AMt{Ez) ^A*xg Aut{Ez) (9) 

is a double covering. Now let 7 : — )• Z be a loop based at z. Pulling back 
([9]) by the smooth map 

B* ^A* Xg Aut{Ez), [A] ^ [^,Hol^(^)] 
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yields a double covering of B* . We will now show that this extends to a 
double covering — )• U^, where U-y C B contains B* as well as certain 
reducibles. 

Definition 3.1 (i) Let U-y C B be the subspace consisting of those [A] such 
that there are two points in A xg Aut{Ez) lying above [A, Holy{A)] € 
Axg Aut{Ez). 

(ii) Let E-y C Axg Aut{Ez) be the subspace consisting of those [A,g] such 
that [A] G Uy and g G Aut{Ez) is a lift of Holy {A). 

Remark: Note that [A] G B lies in the complement of Uy if and only if 
there exists a u G such that u interchanges the two points in Aut{Ez) 
lying above Hol^(A), or equivalently, such that u{z) and Hol^(yl) are both 
reflections and have perpendicular axes of rotation. 

Proposition 3.1 Let [A] G B. 

(i) If A is Abelian, then [A] G Uy. 

(ii) Let A be twisted reducible and let X C E be the 1-eigenspaces of the 

non-trivial element ofTA- Then [A] G Uy if and only if'y*\ is trivial. 

Note that elements of Q are of class by the Sobolev embedding the- 
orem, hence the subbundle A C in (ii) is of class C^. 

Proof, (i) If ~ U(l) then Ta is the centralizer of any non-trivial 
element x G Ta with ^ 1. Hence Hol2(^) C Fa, so [A] G Uy by the 
above remark. 

(ii) Since A preserves the subbundle A, the holonomy Ho1^(j4) acts as 
e = ±1 on the fibre A^. Therefore, [A] G Uy if and only if e = 1, or 
equivalently, if 7* A is trivial. □ 

Proposition 3.2 Uy is an open subset of B, and the canonical projection 
Ey Uy is a double covering. 

Proof. We give a proof which does not require the local slice theorem. 
After choosing a framing of Ez we can identify the covering ([8|) with the 
adjoint representation Sp(l) S0(3). Fix A ^ A with [A] G Uy and a lift 
q G Sp(l) of RolyiA). For e > set 

Pe ■.= A + b„ 
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where D, C L{{Z; so{E)) is the open e-baU about the origin. Let tt : A ^ B 
be the projection. This is an open map, since B is the quotient of A with 
respect to a group action. Hence 7r(Pe) C ;B is an open neighbourhood of 
[A], li B e Pe with e sufficiently smah then Hol^(5) • Hol^(^)"^ will not 
be a reflection and so has a unique lift g{B) € Sp(l) with positive real part. 
Then 

f{B) ■.= g{B)q 

is a lift of Hol^(S). A simple convergence argument shows that if e is 
sufficiently small and B P^, u G are such that u{B) € Pe then 

f{u{B)) = u-fiB). 

For such e we have vr(Pe) C U^, and the map [B] [B, f{B)] is a continuous 
section of over vr(Pe)- Changing the sign of / yields a different section 
and altogether a trivialization of over vr(Pe). □ 

4 Moduli spaces and twisted reducibles 

Let W be any oriented, connected, Riemannian 4-manifold with one cylin- 
drical end M+ x Y, where Y is an integral homology sphere. (Thus, the 
complement of M+ x Y is compact). Let E W he an oriented Euclidean 
3-plane bundle. Choose a trivialization of -E|r^xY- For any non-degenerate 
flat connection p in the product S0(3)-bundle Eq ^ Y let M{E, p) denote 
the moduli space of instantons in E that are asymptotic to p over the end. 
We briefly recall the construction of this moduli space, following [5l 113] . 
Choose a smooth reference connection A^ef in E whose restriction to the 
M+ X y is the pull-back of p. Introduce the space 

A = A{E, p) := + so{E)) 

of Sobolev connections, where is a small exponential weight as in |13^ 
Subsection 2.1] (which is actually only needed when p is reducible). There 
is a Banach Lie group G (consisting of certain gauge transformations) 

acting on A, and M{E,p) is the subspace of the quotient space B := A/G 
consisting of all [A\ satisfying = 0. 

If u : y ^ S0(3) then the moduli spaces with limits p and u{p), resp., 
can be identified if u is null-homotopic; otherwise the expected dimensions 
of these moduli spaces differ by 4deg(n). Let TZy denote the space of gauge 
equivalence classes of flat connections in Eq, and let TZy be the irreducible 
part of TZy- It will be convenient to denote a moduli space M{E,p) of 
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expected dimension d by Ma^d, where a = [p] G TZy- In the particular 
case when p is trivial, however, we will usually label the moduli space by 
k = —pi{E,p) G H^{W;Zi) = Z, where pi{E,p) is the relative Pontryagin 
class. Note that as p varies, k runs through a set of the form ko + 4Z, 
ko E Z. Thus, Mfc will denote the moduli space with trivial limit and 
expected dimension 

dimMk = 2k-36{W), 

where 

S{W) :=l-bi{W) + b+{W). (10) 
If M^. is non-empty then for every [A] € one has 

8TT^k= [ ti{FAAFA)= [ \F^\^>0. (11) 
Jw Jw 

After perturbing the Riemannian metric on in a small ball we may 
assume that there is no [A] £ M^, for any A; > 0, such that A preserves a 
real line bundle \ <Z E with b'^{W;X) > 0. (This can be proved along the 
same lines as the untwisted case [6l Corollary 4.3.15], cf. [18^ Lemma 2.4].) 

For the remainder of this section assume 

k>0, S{W) = 0. (12) 

Then = Mg 2fc, where 6 € TZy is the class of trivial connections. Let 
M^, M^'^'^, Mjf'^'^ be the subsets of consisting of the irreducible, reducible, 
and twisted reducible points, resp. 

Proposition 4.1 There is a canonical bijection between Mj^^'^ and the set 
P of equivalence classes of pairs {i,c), where £ ^ W is a non-trivial bundle 
of infinite cyclic groups, c S H'^{W;£), and such that for X := one has 

b+{W;e) = 0, wi{X)^ + [c]2 = W2iE), c^ = -k, 

where [c]2 denotes the image of c in H'^{W]Z/2). 

Here two such pairs (^, c), {£',c') are deemed equivalent if there is an 
isomorphism I ^ I' such that c i— )• c' under the induced isomorphism 

H'^{W;t) 4 1/2(1^; f). 

Proof, (i) To define this bijection, let {A\ € Mf'^'^. We may assume 
A is smooth. Since A is not flat, it preserves a unique non-trival rank 1 
subbundle X C E. Let = M A be the corresponding bundle of fields 
as in Section [2l The orthogonal complement L C -E of A is in a canonical 
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way a K-line bundle. The module structure is given as follows: For x gW, 

{a,b) G Me Ax, V G set 

(a, b) ■ V := av + b X V, (13) 

where 6 x f is the cross product in the 3-dimensional, oriented, Euclidean 
vector space Ex- Let £ C X denote the lattice of vectors of integer length 
and set c := ci(L) € H'^{W;i). It is clear that different representatives A 
of the same point in Mjf^'^ are mapped to equivalent pairs {i, c). 

We now verify that {i, c) has the required properties. By choice of metric 
on W we must have b~^(W;i) = 0. Furthermore, 

W2iE) = W2{X e L) = u;i(A) U wi{L) + W2iL) = wi{Xf + [c]2. 

Secondly, let B denote the connection in L induced by A. Then Fb takes 
values in A, and one has 

tr(F4 A Fa) = -2Fb A Fb e n^{W). 

Since Fb decays exponentially, we obtain 

/ tr(F4 A Fa) = -2 / Fb/\Fb = -Svr^c^, 
Jw Jw 

hence (? = —k. 

(ii) Now suppose A,A'(^A are smooth connections representing points 
in Mjf^'^, and that the corresponding pairs (^, c), {£',c') are equivalent 
through an isomorphism f : £ ^ £'. Let E = X (B L and E = X' ® L' 
be the splittings preserved by A and A' , resp., and let K' be the bundles 
of fields corresponding to A, A', resp. Let (p : K ^ K' he the isomorphism 
induced by /. By means of (p, we turn L' into an Hermitian i^-line bundle 
which we denote by L'^. It is easy to check that /*(ci(L'^)) = ci(L'), so 
by Proposition 12.41 there is an isomorphism ip : L ^ L'^ oi Hermitian K- 
line bundles. Combining and tp we obtain an isomorphism of Euclidean 
vector bundles 

u:E = X®L^X^®L' = E. 

To see that u preserves orientations, let a G A^ and 6 G be of unit length. 
Then {a,b,a x 6) is a positive orthonormal basis for E^- Under u this is 
mapped to {(l){a),ip{b), (p{a) x ip{b)), which is also a positive orthonormal 
basis. 

We may assume A and A' are in temporal gauge. Then L and L' will 
be translationary invariant over the end := M+ x Y with respect to the 
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chosen trivialization of E\yy+. Let v be the non-trivial element of Ta and 
let = d + a, where d denotes the product connection. Then over the 

end one has 

= dAV = dv + av — va. 
Since v is translationary invariant over the end and 

/ \a\^ — )• as t — )• oo, 

J[t,t+l]xY 

we conclude that dv = {) on . The same holds for the non-trivial element 
of Ta' ■ Hence 

L\w+ =w+^c, L'y+ =W+ xC 

for some 2~dimensional subspaces C, C" C M^. Now V'lvF+ is given by a 
smooth map 

i}:W+ ^ SO(C7,C7'), 

where SO(C, C) ^ is one specific component of the space of linear 
isometrics C — )• C", the component being determined by the isomorphism 
f : i ^ But every map C ^ S*^ is null-homotopic, since H^(W^; Z) = 0. 
We may therefore choose the isomorphism ip such that ip is constant on 
[l,oo)xy, say. Then = on [l,oo)xy, soueQ. Set A" := u~^{A') G A. 

Recall that the cross product on E defines a canonical isomorphism E 
so{E). Under this isomorphism, the difference b := A" — j4 is a 1-form with 
values in A. More precisely, b G L^'^(W;A^ (8) A). Moreover, 

Fa" = Fa + db, 

so = 0. Since bi{W; £) = by ([2]) there is a section ^ G L^''"{W; A) such 
that = b. Set v = exp(^). Then v{A") = ^, so ^ and A' represent the 
same point in Mj^^'^'^. 

(iii) We will now show that every class [£, c] G P is the image of some 
point [A] G Mf^'^. Define X,K in terms of £ as in Section [2j Choose a 
K-line bundle L ^ W with ci{L) = c. The hypotheses on £,c imply that 
A © L and E have the same second Stiefel- Whitney class, hence these bun- 
dles are isomorphic (see [2, p. 674] and |9i Theorem E.8]); we will identify 
them. Since L is trivial over the end of W, there is an orthogonal connec- 
tion A' in E which respects the given splitting and is fiat over the end of 
W. Since d+ : n^{W; A) ^ n+{W; A) induces a surjective map ^ LP'"" 
between Sobolev spaces with a small positive weight (cf. the proof of [HI 



15 



Prop. 5.1.2]), there is an a G L^'^ such that A := A' + a satisfies = 0. 
Clearly, [A] G Ml"^""^ is mapped to [i,c\. □ 

Now fix ^ — > and let Pi be the set of points in P of the form [i,c]. 
Suppose -P^ / (which implies b^{W; £) = 0) and choose a c with [£, c] G Pi. 
Let Te be the torsion subgroup of H'^{W;£) and for any v G H'^(W;£) let v 
denote the image of v in H'^{W;£)/Te- Set 

■= {{r, s} C H\W; £)/Ti \r-s = 0; r + s = c}, 

where {r, s} means the unordered set. 

Proposition 4.2 \Pi\ = \2Te\ ■ \Pc\- 

Here | • | denotes the cardinality of the given set. Note that 2Te has even 
order if and only if H'^{W;£) contains an element of order 4. 

Proof. Let Pe be the set of ah v £ H'^{W;£) such that [£,v] G P. Set 

a: Pi ^ Pi, ^^^.[^,1;]. 

Since the only non-trivial automorphism of £ is given by multiplication by 
— 1, we have 

a{v) = a{v') '^=> V = ±v' . 
Because A; 7^ it follows that a is two-to-one, hence 

\Pi\=2\Pi\. 

Now let Pc be the set of all ordered pairs (r, s) such that {r, s} G Pc- Because 
k ^ one has r ^ s for all such r, s, hence 

l^cl = 2|Pc|. 
It follows from the long exact sequence 

>H^{W\£)^ R^{y/] £) H^{W; Z/2) ^ • • • (14) 

(see Section [2|) that the map 

5 (c + v c-v\ 

induces a bijection Pi/2Ti Pc, where 2Ti acts on Pi by translation, hence 

l-P^I = |27£| • \Pc\ 
and the proposition is proved. □ 
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5 Local structure around twisted reducibles 

We continue the discussion of the previous section, under the assumptions 

We do not know if the twisted reducibles in M^, are regular points of M^, 
for a generic tubular end metric on W (although there is a generic metric 
theorem of this kind for closed 4-manifolds, see [IW, Lemma 2.4]). However, 
regularity of these reducibles can be achieved by a simple local perturbation 
of the instanton equation which is similar in spirit to that used in [3l p. 292]. 
To describe this perturbation, let C B = AjQ as in Section HI and 
suppose B £ A satisfies = and preserves a splitting E = X (B L, where 
A is a non-trivial real line bundle. Then the non-trivial element of acts 
on any fibre of A © L by (a, b) i— )• (a, —b). For any e > set 

So,e = {ae Ll^'^iW- so{E)) \ d%a = 0, ||a|I^P,» < e}, 

where the Sobolev norm is defined in terms of B. This norm is equivalent 
to the corresponding norm defined by the reference connection Aj-ei because 
of the Sobolev embedding C L°° in R^. (Recall that we are assuming 
p > 4.) If e is sufficiently small then Se := B -\- 5o,e is a local slice to the 
action of Q. This means, firstly, that there is an open neighbourhood U of 
I £ Q such that 

U X A, [u, A) u{A) 

is a diffeomorphism onto an open subset of A, and secondly, that the pro- 
jection S^/Tb B is injective. Then S^/Tb maps homeomorphically onto 
an open neighbourhood of [B] in B, and the irreducible part of S^/Vb maps 
diffeomorphically onto an open subset of B* . The operator 

acting on forms on W with values in so{E) ~ E, induces a Fredholm operator 
D : L^'^ —7- L^'*" whose index is the expected dimension of M^, i.e. md{'D) = 
2k > 0. Therefore, there is a compact operator P such that V + P is 
surjective. We will choose such a P of a particular kind. To describe this, 
first note that 

V = Vx®Vl, (15) 

where T>x and T?l act on forms with values in A and L, resp. Now, T)\ is an 
isomorphism, because A is non-trivial and b'^{W; A) = 5(VF) = 0. Therefore, 
D + P is surjective if P is given by 

r 

Pa = ^{a,(t)j)L2 -Uj, 
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where r is the dimension of the cokernel of P/,, and G Q,l(W;L), loj € 
Q'^{W;L) are suitably chosen. Choose a smooth function k. : [0, oo) 
[0,00) such that K{t) = 1 for t < e/3 and K{t) = for t > 2e/3. For any 
a € 5*0, e set 

p{B + a) := fi:(||a|j^P,») • Pa. 

Then p is a smooth r^-equivariant map Se Q'^ (W ; so{E)) . Moreover, p 
extends uniquely to a smooth ^-equivariant map A LP'^{W] ®so{E)) 
which vanishes outside QS^. This extension will also be denoted p. 
The perturbed instanton equation that we have in mind is then 

F+ + p{A) = 0, (16) 

for A A. Clearly, the linearization of this equation at B is surjective, since 
it restricts to + P on ker d^. Note that adding the perturbation p does 
not affect the compactness properties of the corresponding moduli space. If 
we take e > sufficiently small, then the classification of twisted reducibles 
in Proposition 14.11 is also not affected. 

More generally, we may add one such local perturbation p for each of a 
finite number of twisted reducibles in B. Usually, the perturbations will be 
suppressed from notation. 

Having resolved the regularity issue, we now describe the local structure 
around a regular twisted reducible in M^. 

In the next lemma Z will denote a compact, connected codimension 
submanifold of W. Consider the double covering associated to the 

bundle E\z and a loop j : ^ Z based at z G Z. 

Lemma 5.1 Suppose [B] is a regular point of Mk such that B preserves 
a non-trivial real line bundle X C E. Then under the restriction map R : 
— >■ ?7-y, the pull-hack of the double covering — )• is trivial over the 
link of [B] in if and only if is trivial. 

The fact that — >■ C/^ is a double covering was proved in Proposition 13.21 
By the "link" we mean the boundary dN ~ MP^'^^-'^ of a compact neigh- 
bourhood N of [B] in Mfc to be constructed in the proof. 

Proof. If 7* A is trivial then [B] € U^/ by Proposition 13.11 so there is a 
well-defined restriction map 

i? : Mfc* U {[B]} U^. 

Since is locally trivial, R*E^ is trivial on a neighbourhood of [B]. 
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Now suppose 7* A is non-trivial. We may assume B G A is smooth. 
Recall that the kernel K of the operator ()15p consists entirely of forms with 
values in L. Therefore the non-trivial element of acts as —1 on K. 

For a small r > let Dj. G K he the closed r-ball around the origin 
with respect to some F^-invariant inner product on K. By the local slice 
theorem there is a smooth F^-equivariant embedding 

Q -.= 3 + 0,.-^ A 

whose composition with the projection A ^ B induces a homeomorphism 
of Q/Tb onto a compact neighbourhood N of [B] in M^. 

Let Q Q he the pull-back of the double covering ([8|) under Hol^ : Q — t- 
Aut{Ez). Since Q is contractible, Q — t- Q is a trivial double covering. There 
is now a commutative diagram 

OQ/Tb R*E., 

i i 
dQ/TB ^ M* 

where the horizontal maps are the embeddings induced hy Q ^ A. The 
image of the bottom map is dN ^ so what we need to show is that the left- 
most map is a non-trivial covering. Since 7*A is non-trivial, h := Hol^(i3) 
acts as —1 on and hence by a reflection on L^. In a suitable orthogonal 
basis for Ez the two lifts of /i S S0(3) to Sp(l) are ±j, and a acts on Sp(l) 
by conjugation with i. Since iji^^ = —j, we see that a interchanges the two 
points in Q lying above B. Thus we can identify Q ^ Q with 

D'^'' X {±1} ^ D^'', 

where D"^^ is the unit disk in M^^, and a acts on D'^'^ x {±1} by {x,t) 
{—x,—t). Restricting to dD^^ = S'^^~^ and dividing out by Tb we obtain 
the usual covering is non-trivial. □ 

6 Abelian instantons 

Let Mfc be as in Section assuming ([12]) . In this section we use the unper- 
turbed instanton equation. 

We will need to deal with both reducibles in and reducibles appearing 
in weak limits of sequences in M^. Such reducibles are contained in the set 

s>0 
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Let and M be the subsets of M consisting of Abelian and twisted 

reducibles, resp. If b~^{W) > then M^'^'^'^ is empty, by choice of the metric 
on W. If b+{W) = (in which case bi{W) = 1) then M^'^'^'^ consists of 
a finite disjoint union of circles. Let Z C W he any compact, connected, 
codimension submanifold and 7 a loop in Z. The restriction map 

R : M""""^ ^U^C B{E\z) 

maps each circle S C M^^^'^ onto either a circle or a point, depending on 
whether H^{W;M) H'^{Z;M.) is non-zero or not. Moreover, the double 
covering — ?> pulls back to a trivial covering of any S if and only if the 
class in Z) /torsion represented by 7 is divisible by 2; however, we 

will make no use of this. Note that different circles S have disjoint images 
in B{E\z), by the unique continuation property of self-dual closed 2-forms 
(applied to the curvature forms). 

7 Three lemmas on Banach manifolds 

The results of this section will be used in Section 18.21 below. 

Lemma 7.1 Let B be a smooth (Hausdorff) Banach manifold which admits 
smooth partitions of unity. Let L ^ B be a smooth real 2-plane bundle. Lf 
L admits a continuous non-vanishing section, then it admits a smooth non- 
vanishing section. 

Proof. Of course, this is well known if B is finite-dimensional (and at 
least in that case it holds for bundles of any finite rank). For general B one 
can use the following Cech cohomology argument: 

Choose a smooth Euclidean metric on L. Set A := A^L and let -fC := R©A 
be the associated bundle of fields as in Section [2j Then L has a canonical 
structure as a smooth iiT-line bundle as defined in (I13p . Clearly, L is trivial 
as a smooth (resp. continuous) i^-line bundle (meaning L ~ K) if and only 
if L admits a non-vanishing smooth (resp. continuous) section. 

Let /C* and /C^ denote the sheaves of continuous and smooth sections 
of K*, resp. Then L is determined up to smooth isomorphism by its class 
in H^{B; ICl^). But the inclusion /Cj^ — > /C* induces an isomorphism 

H\B-}C*oo)^H\B-}Cl, 

as is easily seen by considering the morphism between the exponential short 
exact sequences for /C^ and /C* (see d?])). □ 
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In the following two lemmas, B will be a metric space and R a compact 
subspace. The open subspace B* := B \ R oi B will have the structure of a 
smooth Banach manifold admitting smooth partitions of unity. 

Lemma 7.2 Suppose R is a finite set. Let Q ^ B be a Euclidean (real) 
line bundle. Let @\b* have the obvious smooth structure. Then there ex- 
ists a smooth section of Q\b* which is nowhere zero in B* (IV for some 
neighbourhood V of R in B. 

Proof. Choose an open neighbourhood N oi R and a section a of 0jjv 
which has (pointwise) unit length. Then a is smooth in NOB*. Since B is a 
normal space there are disjoint open neighbourhoods V, V of R and B\N, 
resp. Using a smooth partition of unity of B* subordinate to the open cover 
{V , B*nN} one can construct a smooth section s of over B* which agrees 
with a on B* V. In particular, s is nowhere zero in B* CiV. □ 

Lemma 7.3 Suppose R is the disjoint union of three sets, 

R = Rq U Ri U i?2, 

where Ri and R2 are finite sets and Rq is a finite disjoint union of subspaces 
each of which is homeomorphic to a circle. Fori = 1,2 let Qi — ?> B*URoL)Ri 
be a Euclidean line bundle. Let Q be the direct sum of the restrictions of Qi 
and 02 to B* L) Rq. Then there exists a smooth section of Q over B* which 
is nowhere zero in B* CiV for some neighbourhood V of R in B. 

Proof. Choose pairwise disjoint open sets Hq, Hi, H2 in B such that 
Ri C Hi for i = 0,1, 2. It is easy to see that 0|_Rq admits a non-vanishing 
section a. Since Rq is compact we can cover Rq by finitely may open sets Uj 
in Hq such that G)\uj is trivial for each j. By the Tietze extension theorem 
there is a section aj of Q\uj which agrees with a on Rq n Uj. Patching 
together the sections aj by means of a partition of unity yields a section 
of over U := DjUj such that a = a on Rq. Then the locus Nq where 
a 7^ is an open neighbourhood of Rq in B. By Lemma l7.ll there exists a 
non- vanishing smooth section sq of over B* fl Nq. 

For i = 1,2 choose a unit length section Tj of 0j over some open neigh- 
bourhood Ni of Ri in Hi. Combining Tj with the zero-section of 03-i yields 
a smooth non- vanishing section Si of over B* fi Ni. 

Set := Nq U A'^i U N2, which is an open neighbourhood of R in B. By 
means of a smooth partion of unity as in the proof of Lemma [7. 2 1 we can then 
construct a smooth section s of Q\b* which agrees with Si in B* CiV Ci Nj 
for some neighbourhood y of in A^. In particular, s is nowhere zero in 
B*nV. □ 
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8 Proof of theorem 



Assuming the hypotheses of the theorem are satisfied we will show that 
So 7^0. 

For any £ set Ft> := H^iX; £)/torsion. If b+{X; i) = let Di C Fi be the 
subgroup generated by vectors of square —1. Let Fi C F^ be the orthogonal 
complement of Di, so that 

Fe = Di(B Fi. (17) 

By assumption there is a non-trivial £ such that Fi ^ and H^{X;l) con- 
tains no element of order 4. Fix such an i. Note that there is a class x Fi 
with x'^ ^ mod 4. (Proof: Since Fi is unimodular we can find elements 
a,b £ Fi with a ■ b = 1. If a^^b"^ = mod 4 then (a + 6)^ = 2 mod 4.) 
Let k be the smallest (positive) integer ^ mod 4 such that there exists 
an X £ Fi with = — /c. 

8.1 Reduction to 6{X) = 

By (j2]) we have S{X) < 0. We will now reduce the remaining part of the 
proof to the case 5{X) = 0. 

Lemma 8.1 Let N be any compact, connected oriented smooth A-manifold, 
and let C be any embedded circle in int{N) which represents a non-zero class 
in Hi{N;'L/2) . Let N' be obtained from N by surgery on C. Then 

t{N') + 6+(iV') = t{N) + b+{N). 

Here r is the invariant defined just before Theorem ll.il 
Proof. Defining 6{N) as in (llOp we have 

6i(A^; Z/2) + <5(iV) = (6i(iV) + t{N)) + (1 - biiN) + 6+(iV)) 
= r(iV) + 6+(iV) + l. 

Now, 6i(A^;Z/2) drops by one by surgery on C, whereas 6{N) increases by 
one by surgery on any circle in int(A'^). (A highbrow proof of the latter 
statement applies the excision principle for indices to the elliptic operator 
d* + d~^ : Q,^ ^ Q,^ (B on some close-up V of N, recalling that the index 
of that operator is —5{V).) □ 

Every element of Hi{X;i) can be represented by an embedded, ori- 
ented circle C in the interior of X together with a trivialization of i\c- Set 
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d := —5{X) and let X' be obtained from X by performing surgery on a col- 
lection of disjoint oriented circles Ci, . . . , Cg in int(X) which, together with 
a trivialization of £ over C := ^jCj, represent a basis for /torsion. 
Let i' — 7> X' be the bundle obtained by trivially extending £\x\c- Then 
bi{X';i') = 0, and there is a canonical isomorphism H'^{X;£) H'^{X';£') 
which induces an isomorphism between the intersection forms. It follows 
from the long exact sequence 

> Hi{X-J) 4 Hi{X-l) Hi{X;Z/2) ^ ••• 

that the circles Cj represent linearly independent classes in Hi{X;Z/2), so 
by Lemma IS.ll the invariant r + 6+ takes the same value on X and X' . 

We have shown that X' ,i' satisfy all the hypotheses of the theorem, and 
that i',k satisfy the same minimality condition as i,k. We may therefore 
from now on assume that bi{X;i) = = S{X). This implies that 

b := bi{X; Z/2) = t{X) + + 1) < 3, (18) 

where we have used assumption ([3]) of the theorem. 

8.2 Choosing the sections 

Let W be the result of attaching a half-infinite cylinder [0, oo) x Y to X. 
We extend the bundle i ^ X to all of W and, abusing notation, denote the 
new bundle also by i. Choose a c G H'^{W;£) whose image in Fi lies in Fi 
and such that = —k. Define A, in terms of i as in Section [2] and let 
L — 7- be a Hermitian K-line bundle with ci(L) = c. Then E := X(B L is 
an oriented, Euclidean 3-plane bundle over W. 

We will use the same notation for moduli spaces associated to E as in 
Section HI Choose a Riemannian metric on W which is on product form on 
the end and which is generic as assumed in the beginning of Section HI 

Let be the set of all [A] G Mk such that A preserves a subbundle 
of E isomorphic to A. After perhaps perturbing the instanton equation as 
in Section [5] we may assume that every element of is a regular point in 

We also add holonomy perturbations over the end of W corresponding to 
a small generic perturbation of the Chern-Simons functional over Y (which 
is in general needed to construct the Floer homology of Y), as well as small 
holonomy perturbations obtained from a finite number of thickened loops 
in W. (In order not to obscure the main ideas, we usually ignore holonomy 
perturbations in this paper.) 
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Let be obtained from by deleting the interior of a small compact 
neighbourhood of every u € M^, where A'^^ is as constructed in the proof 
of Lemma 15.11 Let Mj^ be the irreducible part of . 

We are going to cut down to a 1-manifold with boundary in the 
following way. For i = 1, ... ,2k — 1 let Z'^ C W be a compact, connected 
codimension submanifold and 7^ : — )■ Z- a loop. Let B^^ — )• U-y^ be the 
real line bundle associated to the double covering H^. — )• U-y-. Let s'^ be a 
smooth section of Q^. over the irreducible part of U^. and set 

Mk ■■= {^^ G I S'(wl2|) = for i = 1, . . . , 2A; - 1}. 

For generic sections s'^ the space will be a smooth 1-manifold with 
boundary (see [21]). We will show that for a suitable choice of loops and 
sections the manifold Mk will have an odd number of boundary points and 
no ends coming from reducibles (i.e. points or circles in A/'F^'^). We briefly 
outline how this will be achieved. 
Consider the set 

Q := {w € H^{W; Z/2) I {-ii)*w / for i = 1, . . . , 2A: - 1}. 

If wi{\) G Q then, as we will see in Section [8.31 will have an odd number 
of boundary points. If wi{X) is the unique point in Q then the sections s[ 
can be chosen so that Mk has no ends associated to twisted reducibles in 
Mk. Note that |(5| = 1 is indeed possible, since 6 < 3 < 2A; — 1. 

To avoid ends of Mk associated to circles in M^^^"^ we choose ■^2j_i ~ 
for j = 1 , . . . , A; — 1 and exploit the fact that the direct sum of two real line 
bundles admits a non- vanishing section over any circle (see Lemma 17. 3p ; 
furthermore, we take the Zj := ■^2j-ii J = 1, • • • , ^ to be disjoint. 

Finally, to arrange, in addition, that there are no ends in Mk coming 
from twisted reducibles in lower strata M^, £ < k we rotate the classes 
represented by the 7^ in a suitable way. 

We now make precise the choice of loops and sections. Choose a basis 
{ei,...,ef,} for Hi(W;Z/2) such that {eh,wi{X)) = 1 for each h. Also 
choose 

• disjoint compact, connected, codimension submanifolds Zi,...,Zk 
of 

• two loops 72j-i, 72j in Zj for j = 1, . . . , A; — 1, 

• a loop 72fc-i in Zk 
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such that 7j represents et when i = h mod b. For instance, Zk may be 
a closed tubular neighbourhood of an embedded circle in W, whereas for 
j = 1, . . . ,k — l one can take Zj to be an internal connected sum of two such 
tubular neighour hoods. 

We will write Ui,Ei,Bj instead of U^^jE^^, B{E\z^)- Let Bj denote the 
irreducible part of Bj . Let 0j Ui be the real line bundle associated to the 
double covering Ei ^ Ui. 

For J = 1, . . . , k—1 let Rj C Bj be the image of M"""^ under the restriction 
map. We have observed that Rj is the disjoint union of finitely many circles 
and a finite set. Note that, by Lemma |3. 11 all these circles are contained in 
U2j-i n U2j- Let Qj be the direct sum of the restrictions of ©2j-i and 02j 
to Bj. Let Sj be a generic smooth section of @j which is nowhere zero on 
B* n Vj for some neighbourhood Vj of the compact set Rj D {U2j-i U U2j) 
in Bj . The existence of sections of this kind follows from Lemma 17.31 (The 
fact that Bj is metrizable was pointed out in Section [3l) 

Let Rk C Bk be the image of M*^^^ under the restriction map. Let Sk be 
a generic smooth section of ©2fc-i over which is nowhere zero on n 
for some neighbourhood Vk of Rk H U2k-i in Bk. The existence of sections 
of this kind follows from Lemma 17.21 

8.3 Ends and boundary points 

Set 

Mfc := {lo G I Sj{uj\z^) = for i = 1, . . . , k}. 
Modulo 2 the number of boundary points of the smooth 1-manifold is 
#aMfc = ^([aAr^],e(e^)) = |P,l = l mod 2, (19) 

where e denotes the Euler class with coefficients in Z/2 and is the direct 
sum of the pull-backs of the line bundles 0i, . . . ,&2k-i to the boundary 
dN^ PsMP^'^-i of iV^. 

To prove the second congruence in (fT9|) . note that Gj pulls back to a 
non-trivial bundle over each dN^^ by Lemma 15.11 Since the Euler class is 
multiplicative under finite direct sums, we conclude that each term in the 
sum in (jl9p is one. The last congruence in (jl9p follows from Proposition 14.21 
because \Pc\ = 1 by the minimality property of k, and \2Ti\ is odd since by 
assumption H'^(W;i) contains no element of order 4. 

It remains to determine the ends of M^. For any moduli space M^^d with 
a irreducible set 

Ma,d ■■= W € Ma,d I Sj{u\zj) = for j = 1, . . . , k}. 
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Proposition 8.1 Any sequence in has a subsequence which either con- 
verges in Mk or chain-converges to an element of 

Ma,2k-i X M(a,e) 

for some a € TZy, where M{a,9) is the one- dimensional moduli space over 
R X y with limits a at — oo and 9 at oo, and M := M/M. 

Proof of proposition: Let {[^n]} be a sequence in M^,. After passing 
to a subsequence we may assume tliat {[^„]} cliain-converges weakly in tlie 
sense of [5j. Let ([^], xi, . . . , Xq) be tlie weak limit over W, where [A] € M^^d-, 
a € TZy, and xi, . . . ,Xq G W, q > 0. We are going to show that A must be 
irreducible. First we establish the following lemma. 

Lemma 8.2 If A is reducible then there is a j ^ {1, . . . , A;} with the follow- 
ing two properties: 

(i) Zj contains none of the points xi, . . . ,Xq. 

(ii) [A\z,]€V,. 

Proof of lemma: If A is reducible, then [A] € M^^^^^ for some non- 
negative integer s. Observe that 

k 

q<s<-<k-l. (20) 

The second inequality holds because A; — 4s > by (llip and we have chosen 
A: ^ mod 4. Hence there is certainly a j < k satisfying (i). 

Case 1: A Abelian. Then (ii) is satisfied for any j < k, so the lemma 
holds in this case. 

Case 2: A twisted reducible. Let E = X' (B L' he the splitting preserved 
by A, where A' is a non-trivial real line bundle. 

Case 2a: A' ~ A. We will show that this cannot occur. Let i' C A' 
be the lattice of vectors of integer length and set c' := ci(L') G i/^(VF;£'). 
Choose an isomorphism f : i' ^ £ and set C '■= f*c' G H'^{W;£). Since 
[Ch = [c']2 = [c]2 (the last equality by Proposition 14. ip it follows from the 
exact sequence (fT4|l that there is an x G H'^{W;£) such that C = c + 2x. For 
any v € H'^iW; £) let v be the image of v in and let v be the component 
of V in with respect to the splitting (fT7|l . Since c € -F^ by assumption, we 
have C = c + 2x, so {Cf = c^ = —k ^ mod 4. Hence — (C)^ > k hy the 
minimality of A:, so 

A:-4s = -C^ > -{Cf > k. 
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Thus, s = and [A] G M^. It follows that the sequence {[A„]} converges 
in Mfc (see [5]). Since is a closed subset of M^, we must have [A] € 
M^. This is a contradiction, since was obtained from by deleting 
neighbourhoods of all twisted reducibles preserving a line bundle isomorphic 
to A. 

Case 2b: A' 96 A. Then b>2. 

Case 2bl: 6 = 2. Then for /i = 1 or 2 we have 

1 = {eh,wi{X) + wi{X')) = 1 + {eh,wi{X')), 

so {eh,wi{X')) = 0. As observed in the beginning of the proof we can find a 
j < k satisfying (i). For i = 2j — 1 or 2j the loop ji represents e^, in which 
case (7j)*A' is trivial. This in turn implies [A\z^] € Ui by Proposition 13. H 
so [A\z^] G V,-. 

Case 2b2: 6 = 3. Set 



m :- 



k-l 



Case 2b2a: m = 0. Then A; < 3, so (7 = by (l20l) . The same argument 
as in the case 6 = 2 shows that (74)* A' is trivial for some i € {1, 2, 3}, hence 
€ for j = 1 or 2. 

Case 2b2b: m > 1. Choose h with {eh,wi{X')) = 0. Then for at least 
2m integers j G {!,... — 1} one of the loops 72j-i or j2j will represent 
e/i, in which case (ii) holds. Because 

k 

q < — < 2m, 
4 

one can choose j such that (i) holds as well. □ 



Lemma 8.3 A is irreducible. 

Proof of lemma: Assume to the contrary that A were reducible, and let 
j satisfy the two properties of Lemma 18.21 Then 

[-Anlzj] [^\Zj] in Bj as n-^ 00. 

But Vj is open, so for sufhcently large n we have [An\zj\ G ^'^j &nd 
therefore Sj{An\zj) 7^ 0. This contradicts [An] G Mk and the lemma is 
proved. □ 
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We can now complete the proof of the proposition. First suppose [A] G 
Mfc, which imphes q = 0. Then {[^n]} converges in Mfc, so [A] e Mf . But 
[A] is irreducible, so [A] G M^. 

Now suppose [A] M^. Then 

d<mm{2k-l,2k-8q). (21) 

Set 

J := {j € {1, . . . ,k — 1} \ Zj contains none of the points xi, . . . , Xq}. 

Then Sj{A\zj) = for every j G J. Since the sections Sj are generic, we must 
have 2\J\ < d, where \ J\ denotes the cardinality of the set J. Combining 
this with ^ yields 

2\J\ <2k- 8q. 
Setting i:=A; — 1 — [Jjwe deduce 

4:q<t+l<q + l, 

so q = 0. Hence Sj{A\zj) = for j = l,...,k,sod>2k — l. Combining this 
with (j2ip we obtain d = 2k — 1. This is only possible when a is irreducible, 
so the proposition is proved. □ 

We can now complete the proof of the theorem. An argument similar to 
the proof of Proposition 18.11 shows that Ma^2k-i is compact, hence a finite 
set (since it is 0-dimensional) . By gluing theory the number of ends of Mk 
is 6h, where 

h := ^[#M«,2fc-i]a G CF\Y) (g, Z/2. 

a 

The proof of the proposition applied to moduli spaces 2fc with /3 irre- 
ducible shows that /i is a cocycle. 

Since the 1-manifold has an odd number of boundary points, it must 
also have an odd number of ends, so 6o{[h]) = 1. □ 
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